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ORDERED MULTIPOINT GEOSTATISTICS
SIMULATION USING NON-SYMMETRIC
SEARCH MASK

BACKGROUND

Geostatistics is a discipline concerned with spatially dis-
tributed random variables (also called “regionalized vari-
ables™), usually applied to problems in the earth sciences,
such as estimation of mineral reserves and delineation of
mineral deposits, hydrocarbon reservoirs, and groundwater
aquifers. Typically, geostatistics makes use of two-point sta-
tistics summarized in a variogram. Multipoint (or multiple-
point) geostatistics (MPS) differs from other variogram-
based geostatistics primarily in that it characterizes spatial
variability using patterns (sets of points and their configura-
tions) that involve higher order (much greater than order 2)
statistics.

One of the goals of multipoint geostatistics is simulation,
namely the generation of numerical values along a line, on a
surface, or in a volume, such that the set of values match
certain given spatial correlation or structural properties (usu-
ally derived from a data set called an “analog” or “training
image” or “template”) while optionally (in the case called
“conditional simulation”) matching predetermined data. In
practice, the “analog” may be, for example, a well-known
rock volume that is statistically similar to a currently unchar-
acterized oil reservoir being delineated, and the predeter-
mined data to be matched may be lithology observations at
wells, or probabilities of lithologies derived from seismic
data. MPS simulations are developed to match two types of
constraints: absolute constraints are matched exactly; partial
constraints are matched probabilistically, as closely as pos-
sible to the constraint value, but they are not guaranteed to
match exactly. In the case of petroleum reservoir modeling,
examples of absolute constraints are typically data acquired
in wells or geological outcrops. Partial constraints are typi-
cally derived from seismic data; 1D, 2D, or 3D interpreted
spatial trend information; geological category probability
fields; or rotation and affinity (or scale) constraints on the size
and direction of geological features. Such data are used in a
stochastic modeling process to generate one-dimensional
(ID), two-dimensional (2D), and/or three-dimensional (3D)
spatial distribution of geological categories or rock proper-
ties. Since there is a random component involved in MPS
simulations, individual stochastic realizations of property
fields created by MPS algorithms differ, but the ensemble of
realizations provide modelers with improved quantitative
estimates of the spatial distribution and uncertainty of values
in a modeled volume of interest.

Multipoint geostatistical methods often use a numerical
training image to represent the spatial variability of geologi-
cal information. The training image provides a conceptual
quantitative description of the subsurface geological hetero-
geneity, containing possibly complex multipoint patterns of
geological heterogeneity. Multipoint statistics conditional
simulation anchors these patterns to well data (and/or outcrop
data) and to the seismic-derived information (and/or prob-
ability field information or constraint grid(s)).

One multipoint geostatistics method, referred to as “Single
Normal Equation Simulation” (SNESIM), is generally con-
sidered useful for practical applications such as modeling
categorical or discrete data types, especially for categorical
data in 3D property modeling. In the SNESIM method, the
conditional probability density function of all categories at
one point is computed using knowledge of the value at a
number of nearby points and statistics provided by the train-
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ing image. SNESIM works with discrete values only (i.e., a
finite and usually small number of categories, such as for
example five different rock types). Assume there are two
categories to be simulated: A (“non-channel”) and B (“chan-
nel”). The training image contains a complete representation
(i.e., an example) of a spatial distribution of A and B. Assume
further that the category present at 4 points, which could
represent wells, is known. Conceptually, the SNESIM
method computes the probability of finding categories A or B
at an unsampled point by scanning the training image for all
occurrences of the “pattern” (that is, the pattern is defined by
the relative spatial locations of all five points, and by the
categories found at the four points where a value already has
been assigned). If five such pattern occurrences (called rep-
licates) are found, and 4 out of 5 replicates show category B
at the relative position of the unknown point, then the method
computes the probability of B at the unknown point, given the
particular five-point pattern, to be 45 or 80% (while that of A
is set to %5 or 20%). Furthermore, the method can assign a
category to the unknown point by randomly drawing a value
from a distribution with 80% probability of B and 20% prob-
ability of A if there are no replicates of the four-point pattern
or its sub-patterns found in the training image.

In practice, the SNESIM uses pixel-based (or voxel-based
in 3D) sequential simulation method. It starts with a volume
to be modeled where all property values are unassigned at all
grid cell locations, or one that contains only a few data points
to be matched. These volumes are usually represented by a
Cartesian grid, where each grid location is called a cell. First,
SNESIM decides on a random path for visiting each unas-
signed cell once and only once. In the first cell, the method
searches for nearby known points within a search volume,
usually an ellipsoid or rectangular volume around the known
point. If one or more known (or already assigned) cells are
found, it proceeds as to the next point on the random path as
described above to find the probability of finding categories A
or B at the unknown point. Armed with the probabilities for
each category at the unknown point, the method randomly
draws a value (category A or B) from the inferred probability
distribution and assigns it to the unknown point. The process
repeats at the next cell in the initially assigned random path
until all cells are assigned.

The SNESIM method also provides an advantage over
other MPS algorithms in that it reduces computations by
storing the information for a training image in a tree-like
structure to help search for a pattern in the training image. The
pattern is only known on a subset of points within a neigh-
borhood of the points to be simulated, which means that the
set of locations in the training image that match the pattern
generally cannot generally be found with one single search in
the tree.

One alternative approach to SNESIM, referred to as a
Markov mesh method, is to use a structured path instead of a
random path for visiting unassigned cells. Similar to SNE-
SIM, Markov mesh methods emulate one dimensional sta-
tionary Markov chains in that, when simulating a point, they
have a ‘history’ of points which have been simulated already,
and a ‘future’, which are the points that have not yet been
simulated. The search neighborhood of a point to be simu-
lated selects a subset of the points from the history. The major
differences with SNESIM are due to the fact that the set of
points in the search neighborhood are the same for each point
to be simulated, which is important in two ways. Firstly, this
makes the random function stationary, which helps with the
reproduction of the training image patterns in that smaller
search neighborhoods can often be used, thereby making the
simulation faster. Secondly, the search neighborhood is full,
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which makes the tree search faster than the case of a random
path, where the search needs to account for the missing cells
in the search neighborhood. A unilateral path method ensures
that only one traversal of the tree is needed to find the
examples of the pattern within the training image as opposed
to the multiple traversals needed with the random path
method. The most significant problem for unilateral methods
is that it is far more difficult to condition to well data, as well
data points can occur in the future of points that are to simu-
lated. While this may not be a significant problem for typical
applications of unilateral methods in image analysis that do
not have to account for data, it is a significant issue for
applications to geological modeling where conditioning to
data, in the form of wells or observations, is important.

Furthermore, the SNESIM method visits each unassigned
cell in a random path, which in practice results in search
neighborhoods, or a “search mask” with many unassigned
cells. When an unassigned cell lies within a search mask, the
calculation of the conditional probability becomes more com-
putationally intensive due to traversal of more paths within
the tree.

Moreover, the SNESIM method shows a computational
drawback when simulating cells where the search neighbor-
hood extends past the simulation grid, as in practice the
method assumes all cells outside of the grid are equivalent to
unassigned, not-yet-simulated, cells. Again the introduction
of'unassigned cells into the search neighborhood dampers the
performance of the algorithm.

Therefore, a substantial need continues to exist in the art for
an improved manner of performing geostatistics models that
is less computationally intensive than conventional
approaches.

SUMMARY

The embodiments disclosed herein provide a method,
apparatus, and program product that increase the computa-
tional efficiency of a multipoint geostatistics method by
employing an ordered path through unassigned cells in com-
bination with a non-symmetric search mask that excludes one
or more not-yet-simulated cells from the search mask during
simulation.

Consistent with one aspect of the invention, geostatistics
modeling is performed by determining a non-symmetric
search mask that excludes at least one not-yet-simulated cell
from the search mask, and running a multiple point statistics
simulation of an n-dimensional grid by simulating cells in the
n-dimensional grid in a predetermined order and using the
non-symmetric search mask.

These and other advantages and features, which character-
ize the invention, are set forth in the claims annexed hereto
and forming a further part hereof. However, for a better under-
standing of the invention, and of the advantages and objec-
tives attained through its use, reference should be made to the
Drawings, and to the accompanying descriptive matter, in
which there is described example embodiments of the inven-
tion. This summary is merely provided to introduce a selec-
tion of concepts that are further described below in the
detailed description, and is not intended to identify key or
essential features of the claimed subject matter, nor is it
intended to be used as an aid in limiting the scope of the
claimed subject matter.

BRIEF DESCRIPTION OF DRAWINGS

FIG. 1 is a block diagram of an example hardware and
software environment for a data processing system suitable
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4

for implementing an ordered multipoint geostatistics simula-
tion with non-symmetric search mask(s).

FIG. 2 is a perspective view of an example implementation
of multigrids enforced in only a subset of the dimensions of a
three-dimensional simulation grid.

FIG. 3 is a perspective view of an example implementation
of'multigrids enforced all of the dimensions of a three-dimen-
sional simulation grid.

FIG. 4 is a perspective view of an example ordered path
through unassigned cells in a multigrid in the system of FIG.
1.

FIG. 5 illustrates an example symmetric circular search
mask in two dimensions, and suitable for use in the system of
FIG. 1.

FIG. 6 illustrates an example symmetric square search
mask in two dimensions, and suitable for use in the system of
FIG. 1.

FIG. 7 illustrates an example non-symmetric search mask
in two dimensions, and suitable for use in the system of FIG.
1.

FIG. 8 illustrates another example non-symmetric search
mask in two dimensions, and suitable for use in the system of
FIG. 1.

FIG. 9 illustrates an example simulation grid, which does
not use multigrids and is partially simulated, and upon which
is overlaid the symmetric circular search mask of FIG. 5.

FIG. 10 illustrates the example simulation grid of FIG. 9,
but upon which is overlaid the non-symmetric search mask of
FIG. 7.

FIG. 11 illustrates an example simulation grid, which uses
two multigrids and is partially simulated, and upon which is
overlaid the symmetric square search mask of FIG. 6.

FIG. 12 illustrates the example simulation grid of FIG. 11,
but upon which is overlaid the non-symmetric search mask of
FIG. 8.

FIG. 13 illustrates an example simulation grid including
two multigrids and three subgrids defined in one of the mul-
tigrids, and suitable for use in the system of FIG. 1.

FIGS. 14-16 illustrate examples of non-symmetric search
masks in two dimensions, and suitable for use with the sub-
grids of FIG. 13.

FIG. 17 is a flowchart illustrating the program flow of a
simulation routine capable of being executed by the system of
FIG. 1.

DETAILED DESCRIPTION

The herein-described embodiments invention provide a
method, apparatus, and program product that increase the
computational efficiency of a multipoint geostatistics method
by employing an ordered path through unassigned cells in
combination with a non-symmetric search mask that excludes
one or more not-yet-simulated cells from the search mask
during simulation.

As will become more apparent below, the exclusion of
not-yet-simulated cells from a search mask reduces accesses
to a search tree during simulation because probabilities for
neighboring cells that are as-yet not simulated are not calcu-
lated when simulating a given cell. A search mask, in this
regard, refers to a search neighborhood that surrounds a cell
being simulated, and refers to the neighboring cells that are
utilized to simulate a given cell. As opposed to a symmetric
search mask, which typically is symmetrical about in one or
more dimensions and extends a predetermined number of
cells in one or more dimensions around a cell being simulated
(e.g., for a two a dimensional search mask, a square, rect-
angle, circle or ellipse, or for a three dimensional search
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mask, a sphere, a cube, an ellipsoid, or a rectangular prism),
a non-symmetrical search mask omits one or more cells from
a symmetric search mask for which it is known will not
already have been simulated when the cell under simulation
(e.g., located at the center of the search mask) is simulated.

Put another way, because an ordered path is utilized during
simulation, the search masks utilized during simulation may
be effectively conditioned to the data, and exclude cells from
the search mask that have not yet been simulated. In this
regard, simulating in a predetermined order, i.e., using an
ordered path, refers to a non-random and non-pseudorandom
order that is determined prior to simulation. In one embodi-
ment, for example, the predetermined order may be a sequen-
tial order, although other embodiments may utilize non-se-
quential, yet still ordered paths during simulation.

In some embodiments, an ordered path and non-symmetri-
cal search masks may be utilized in connection with multi-
grids, such that an ordered path is used both when simulating
different multigrids and when simulating within given mul-
tigrids. A multigrid, in this regard, refers to a coarser grid in
which collections of every nth cell in each dimension are
collectively treated as a grid, and are simulated prior to simu-
lating either individual cells or simulating one or more finer
multigrids (e.g., n/2 multigrids). Furthermore, as will become
more apparent below, in some embodiments multigrids may
be enforced only in a subset of dimensions for the grid of cells
being simulated, e.g., in a three dimensional grid with dimen-
sions i, j and k, where k is vertical to the Earth, multigrids may
be enforced in only the i and j dimensions.

In addition, in some embodiments, multiple subgrids may
be defined within each multigrid, with separate subgrid-spe-
cific non-symmetrical search masks defined for each subgrid
such that simulation of the cells within a multigrid may alter-
nate between the multiple subgrids when following the
ordered path, rather than simulating each subgrid separately
within a multigrid. An ordered path through the multigrid
may be utilized, with a different search mask selected for each
cell based upon the subgrid to which the cell is assigned.

Furthermore, in some embodiments, computational effi-
ciency may be further improved when simulating cells proxi-
mate the boundaries of the simulation grid by padding the
simulation grid with additional cells and assigning values to
neighboring cells in a search mask based upon the overall
occurrences, within a training image, of the different possible
values that may be assigned to the cell being simulated.

Other variations and modifications will be apparent to one
of ordinary skill in the art.

Hardware and Software Environment

Turning now to the drawings, wherein like numbers denote
like parts throughout the several views, FIG. 1 illustrates an
example data processing system 10 in which ordered multi-
point geostatistics simulation using a non-symmetric search
mask may beimplemented. System 10 is illustrated as includ-
ing one or more computers, each including a central process-
ing unit 12 including at least one hardware-based micropro-
cessor coupled to a memory 14, which may represent the
random access memory (RAM) devices comprising the main
storage of computer 10, as well as any supplemental levels of
memory, e.g., cache memories, non-volatile or backup
memories (e.g., programmable or flash memories), read-only
memories, etc. In addition, memory 14 may be considered to
include memory storage physically located elsewhere in
computer 10, e.g., any cache memory in a microprocessor, as

15

20

30

40

45

50

6

well as any storage capacity used as a virtual memory, e.g., as
stored on a mass storage device 16 or on another computer
coupled to computer 10.

Computer 10 also typically receives anumber of inputs and
outputs for communicating information externally. For inter-
face with a user or operator, computer 10 typically includes a
user interface 18 incorporating one or more user input
devices, e.g., a keyboard, a pointing device, a display, a
printer, etc. Otherwise, user input may be received, e.g., over
a network interface 20 coupled to a network 22, from one or
more clients 24. Computer 12 also may be in communication
with one or more mass storage devices 16, which may be, for
example, internal hard disk storage devices, external hard
disk storage devices, storage area network devices, etc.

Computer 10 typically operates under the control of an
operating system 26 and executes or otherwise relies upon
various computer software applications, components, pro-
grams, objects, modules, data structures, etc. For example, to
implement ordered multipoint geostatistics simulation using
a non-symmetric search mask, a simulation tool 28 may be
used to generate a simulation model 30 using one or more
search tree 32 derived from one or more training images 34,
and using one or more search masks 36, some or all of which
may be non-symmetrical in nature. In addition, simulation
tool 28 may use conditioning data 38, e.g., well data, outcrop
data, core sample data, seismic-derived data, probability field
data, and/or constraint grids to constrain the model according
to known lithologies.

In general, the routines executed to implement the embodi-
ments disclosed herein, whether implemented as part of an
operating system or a specific application, component, pro-
gram, object, module or sequence of instructions, or even a
subset thereof, will be referred to herein as “computer pro-
gram code,” or simply “program code.” Program code typi-
cally comprises one or more instructions that are resident at
various times in various memory and storage devices in a
computer, and that, when read and executed by one or more
processors in a computer, cause that computer to perform the
steps necessary to execute steps or elements embodying
desired functionality. Moreover, while embodiments have
and hereinafter will be described in the context of fully func-
tioning computers and computer systems, those skilled in the
art will appreciate that the various embodiments are capable
of being distributed as a program product in a variety of
forms, and that the invention applies equally regardless of the
particular type of computer readable media used to actually
carry out the distribution.

Such computer readable media may include computer
readable storage media and communication media. Computer
readable storage media is non-transitory in nature, and may
include volatile and non-volatile, and removable and non-
removable media implemented in any method or technology
for storage of information, such as computer-readable
instructions, data structures, program modules or other data.
Computer readable storage media may further include RAM,
ROM, erasable programmable read-only memory (EPROM),
electrically erasable programmable read-only memory (EE-
PROM), flash memory or other solid state memory technol-
ogy, CD-ROM, DVD, or other optical storage, magnetic cas-
settes, magnetic tape, magnetic disk storage or other
magnetic storage devices, or any other medium that can be
used to store the desired information and which can be
accessed by computer 10. Communication media may
embody computer readable instructions, data structures or
other program modules. By way of example, and not limita-
tion, communication media may include wired media such as
a wired network or direct-wired connection, and wireless
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media such as acoustic, RF, infrared and other wireless
media. Combinations of any of the above may also be
included within the scope of computer readable media.

Various program code described hereinafter may be iden-
tified based upon the application within which it is imple-
mented in a specific embodiment of the invention. However,
it should be appreciated that any particular program nomen-
clature that follows is used merely for convenience, and thus
the invention should not be limited to use solely in any spe-
cific application identified and/or implied by such nomencla-
ture. Furthermore, given the typically endless number of
manners in which computer programs may be organized into
routines, procedures, methods, modules, objects, and the like,
as well as the various manners in which program functionality
may be allocated among various software layers that are
resident within a typical computer (e.g., operating systems,
libraries, API’s, applications, applets, etc.), it should be
appreciated that the invention is not limited to the specific
organization and allocation of program functionality
described herein.

Those skilled in the art will recognize that the example
environment illustrated in FIG. 1 is not intended to limit the
invention. Indeed, those skilled in the art will recognize that
other alternative hardware and/or software environments may
be used without departing from the scope of the invention.

Ordered Multipoint Geostatistics Simulation Using
Non-Symmetric Search Mask

As discussed above, multipoint geostatistics simulation
may be performed using an ordered path and one or more
non-symmetric search masks to improve the computational
efficiency of the simulation. In one example embodiment, for
example, a computer-implemented multipoint geostatistics
simulation may be implemented in computer 10 of FIG. 1,
and may employ an ordered (as opposed to random) path
through unassigned cells in a simulation grid, where the path
includes the following characteristics:

(a) cells are simulated using a multiple grid (multigrid)
approach. All cells on a coarser multigrid are simulated
before any cells on a finer multigrid.

(b) multigrids are enforced in the i and j directions but not
the k (vertical into the Earth) direction, e.g., for multigrid n,
spacing is defined as (i, j, k)=(2n, 2n, 1).

(c) cells are simulated in-order within each multigrid, e.g.,
by starting from the top layer (in the k direction), simulating
all cells in one layer in reading order, left-to-right then top-
to-bottom, before moving on to the next layer.

FIG. 2 illustrates characteristics (a) and (b) above by way
of'an example three-dimensional simulation grid 50 having i,
j and k dimensions (with k being vertical into the Earth), in
which cells are simulated using three multigrids. The coarsest
multigrid 52, represented by the black cells, has a spacing of
four cells, while the next coarsest multigrid 54, represented
by the cross-hatched cells, has a spacing of two cells. The
finest multigrid 56 is represented by the white cells. Notably,
in this embodiment, the multigrids 52, 54, 56 are enforced
only in the i and j directions, and not in the k direction. More
generally, in some embodiments, where the simulation grid
has n dimensions, only a subset of the dimensions, e.g., n-1
dimensions, may have multigrids enforced thereupon. Alter-
natively, as illustrated in FIG. 3, multigrids 62, 64, 66 may be
enforced in all three dimensions i, j and k, so the invention is
not limited to the implementation illustrated in FIG. 2.

FIG. 4 illustrates characteristic (¢) above by way of an
example, three-dimensional simulation grid 70 having i, j and
k-dimensions (with k being vertical into the Earth), in which
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cells are simulated in-order within each multigrid, e.g., by
starting from the top layer 72 (in the k direction), simulating
all cells in one layer in reading order, left-to-right then top-
to-bottom, before moving on to the next layer. It will be
appreciated that other predetermined orders may be used to
simulate cells, including both sequential orders and non-
sequential orders that are non-random or non-pseudorandom
in nature.

For each cell being simulated along the aforementioned
ordered path, a simulation algorithm, similar to that utilized
in conventional multipoint simulations, is utilized to simulate
a value for the cell. In one embodiment, the algorithm com-
pares values determined for neighboring cells, identified in a
search mask, to similar neighborhoods in a training image and
determines a conditional probability of which value belongs
in the cell being simulated. Using this probability, the algo-
rithm picks, using a random number generator, a value for that
cell. Once a value for a cell is assigned, it does not change in
that simulation.

In the example embodiment discussed below, the value for
a cell refers to a classification of the cell as meeting a certain
characteristic, e.g., as being a certain facies of rock. In this
example, two possible values, e.g., cell is (value=1) or is not
(value=0) a certain facies. It will be appreciated, however,
that more than two values may be simulated for each cell
using the herein-described techniques in other embodiments,
and that geostatistics other than facies may be simulated.

In one embodiment, the simulation algorithm utilizes a
non-symmetric search mask, or search neighborhood, when
simulating at least a portion of the cells in a simulation grid.
By way of comparison, FIGS. 5 and 6 respectively illustrate
two-dimensional symmetric search masks 80, 82. Search
mask 80 of FIG. 5 defines a circle with a radius of one cell,
while search mask 82 of FIG. 6 defines a square with a radius
of one cell. In three dimensions, these search masks would
translate to an ellipsoid or a rectangular prism. In some
embodiments, the size of said search mask, e.g., in terms of
radius, length, width, diameter, etc., may be defined by the
user, and may be fine tuned for any data set. Search masks 80,
82 as illustrated are symmetric in each dimension and extend-
ing equidistantly in each dimension, although it will be appre-
ciated that a search mask may be extend different numbers of
cells in different dimensions and still be symmetric in nature.

The herein-described embodiment, however, utilize one or
more non-symmetric search masks, e.g., non-symmetric
search masks 84, 86 of FIGS. 7 and 8, to exclude one or more
not-yet-simulated cells from the search masks and thereby
eliminate those cells from the simulation, as it has been found
that, in practice, if there is an unassigned cell that falls within
the range of a search mask, the calculations to determine the
conditional probability are more difficult and more computa-
tionally intensive, so eliminating such unassigned cells from
the simulation can improve computational efficiency without
substantially affecting the accuracy of the overall simulation.
Moreover, since simulation grids usually start off empty (or
with less than 5% of the cells assigned), throughout most of
the simulation process there are many unassigned cells that
may appear in a symmetric search mask, thereby making the
computation of conditional probabilities extremely slow for
many of the cells in a simulation grid.

As noted above, FIG. 5 illustrates a circular symmetric
search mask 80 of radius 1 and size 3x3. The cell labeled U,
is the center of the search mask, and during simulation the
mask is placed with the center corresponding to the next cell
to be simulated. FIG. 9, for example, depicts a 5x5 two-
dimensional simulation grid 90 that is partially simulated
without any multigrids (for simplicity), with two different
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facies, valued 0 (white cells) and 1 (cross-hatched cells).
Unsimulated cells are designated as “?”. While simulating in
order, if symmetric search mask 80 of FIG. 5 is placed onto
the next cell to be simulated (designated as U_ in FIG. 9), two
of the four cells that fall in the search mask are unassigned.
However, as shown in FIG. 10, using a non-symmetric search
mask such as search mask 84 of FIG. 7, there are no unas-
signed cells in the search mask. Even though both search
masks 80, 84 capture the same information, the computation
to determine probability on unassigned cells is more compu-
tationally intensive than just using a search mask that
excludes them.

Moreover, when using multigrids, a non-symmetric search
mask may provide additional improvements in computational
efficiency. Returning to FIGS. 2 and 3, FIG. 3 illustrates three
multigrids 60, 62, 64 enforced in all dimensions on a 5x5x5
grid 60. In practice, however, i, j, and k are not relatively
equal-—normally i and j are orders of magnitude larger than k.
Thus, in some embodiments, multigrids may be defined in
only two of the three dimensions, as in FIG. 2, enabling search
masks to be defined in two dimensions, with scaling to three
dimensions substantially simplified (just stack copies of the
same cells on top of one another to scale to the third dimen-
sion).

To simplify the further discussion, the concepts embodied
in the described embodiments will be described in two dimen-
sional space, but it will be appreciated that these concepts
easily scale to three dimensional space. Furthermore, multi-
grids will be described abstractly, because it will be appreci-
ated that any n number of multigrids may be used for scanning
atraining image and subsequently simulating a grid. Note that
typically two consecutive multigrids can be reduced to rect-
angles, so the discussion hereinafter will focus on two mul-
tigrids at a time, with the understanding being that the rela-
tionship can expand to any number of multigrids.

FIG. 11 illustrates an example 5x5 simulation grid 100
using two multigrids. The coarser multigrid has already been
simulated and the finer multigrid is only partially simulated.
FIG. 6 illustrates a symmetric 3x3 square search mask 82, and
if this search mask is used in the simulation from FIG. 11, it
can be seen that there are six informed cells in the search mask
and two uninformed cells in the search mask. However, as
illustrated in FIG. 12, using a non-symmetric search mask
(such search mask 86 of FIG. 8), it can be seen that there are
exactly six neighbors in the search mask and all of them are
already assigned in the simulation.

Because it is known the order in which the cells will be
simulated, the shape of the search mask may be tailored to
which cells will be informed at simulation time. Moreover, in
embodiments where a search tree is used to find matching
patterns in a training image, the configuration of the search
mask may be used to generate a search tree optimized for
matching patterns corresponding to the search mask in the
training image. Furthermore, where multiple search masks
are used, multiple search trees, each optimized for a particular
search mask, may be generated and utilized during the simu-
lation of cells in a simulation grid.

Now turning to FIGS. 13-16, it may be desirable in some
embodiments to define multiple subgrids within a multigrid.
FIG. 13, for example, illustrates a 5x5 simulation grid 110
incorporating multigrids 112 (cross-hatched cells) and 114
(white cells). Within multigrid 114 are defined three subgrids
A, B and C. In this embodiment, from the perspective of
simulation, the ordering of the subgrids does not matter, and
the subgrids may even be concurrently simulated by simulat-
ing the cells in the multigrid sequentially, but using different
search mask topologies, e.g., as shown in FIGS. 14-16, to
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accommodate the locations of previously simulated cells
from earlier multigrids. In other embodiments, however, the
subgrids may be simulated sequentially (e.g., simulate all
cells in subgrid A, then all cells in subgrid B, and then all cells
in subgrid C).

FIGS. 14, 15 and 16 respectively illustrate search masks
120A,120B and 120C for use respectively with subgrids A, B
and C in connection with concurrent simulation of these
subgrids. Note that for each of the masks, all points above the
center, and directly left of the center cell are included. As
simulation proceeds in order, and assuming that the other
multigrid 112 (cross-hatched cells) is already simulated, all of
the cells in the respective search masks will be assigned no
matter which subgrid the cell is in. Therest of the cells that are
in the search masks depend only on the subgrid cells’ position
in relation to the previous multigrid (as all previous multigrid
cells are contained in it). The concurrent simulation of the
subgrids therefore proceeds by alternating between the A, B
and C subgrids as a sequential order is followed through the
multigrid and using the subgrid-specific search masks for
those subgrids

Also, since there are no previous multigrids for multigrid
112, in this embodiment no subgrids are defined for the coars-
est multigrid during simulation. Search masks for this multi-
grid may be configured to include only the cells above (in 2
dimensions) and directly to the left of the center cell.

Itis also important to note that, by implementing the afore-
mentioned; hybrid approach, using a sequential path, multi-
grids, subgrids and subgrid-specific search masks, the simu-
lation is well suited to condition to previously acquired data
(should any such data exist), and in some embodiments, noth-
ing separate need be done during the simulation process to
condition data. If a cell is already filled in with conditioning
data when the algorithm attempts to simulate the cell, the
algorithm may just skip the cell and proceed to the next cell.
From that point forward the algorithm then uses the condi-
tioning data in search masks for nearby cells, thus incorpo-
rating the conditioning data into the final simulation.

The herein-described embodiments thus attempt to reduce
or otherwise minimize the amount of unassigned cells that
appear within a search mask. In some embodiments, addi-
tional gains may be obtained by accommodating the bound-
ary cases of a simulation algorithm. For example, when a
search mask is larger, e.g., 10x10 in two dimensions, there are
many cells on any simulation grid for which the search mask
lies partially outside of the boundary of the grid. This still may
be true even when using a non-symmetric search mask
(though the number of unknown cells may be lower since the
number of cells in the search mask is also lower). Whereas
cells outside of a simulation grid may be treated as unassigned
cells, doing so has been found to reduce performance.

In some embodiments, however, predicted values may be
assigned to the cells outside of the simulation grid to reduce or
eliminate the number of unassigned cells encountered in a
search mask. In one embodiment, for example, predicted
values may be based on the overall or global probability of
each category being simulated, e.g., each facies type. When
scanning a training image to create the search trees, the over-
all probability of each facies type may be determined. For
example, suppose there is a training image with 100 cells, and
using colors to represent different facies types, 50 are gray, 30
are blue, and 20 are red. In that example, the probabilities for
each facies type may be determined to be 0.5 for gray, 0.3 for
blue, and 0.2 forred. Then, during the simulation, if the search
mask is partially outside of the simulation grid, the values of
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these outlying cells in the search mask may be randomly
assigned values based on the probabilities recorded for each
facies type.

In addition, in some embodiments, since choosing random
values may potentially create odd effects on the boundaries of
the grid, additional “padding” cells may be simulated on each
side of the grid to counter these effects. Various padding sizes
may be used, e.g., a single cell on each side of the grid.

Now turning to FIG. 17, this figure illustrates an exemplary
routine 130 that may be executed by computer 10 of FIG. 1 to
implement one embodiment of a multipoint geostatistics
simulation incorporating the techniques described herein. In
this routine, it is assumed that a sequential path is utilized for
each multigrid and subgrid therein, and as such, the configu-
ration of the search masks for each subgrid/multigrid combi-
nation may be determined prior to simulation. In addition, a
training image, constructed from at least a one-dimensional
array of discrete property values, is used as an input to the
routine. The discrete values in the training image depict the
spatial relationship and variability considered to be typical of
an n-dimensional surface to be modeled.

Routine 130 begins in block 132 by padding the simulation
grid, if so desired. Next, in block 134, search trees are gen-
erated for the simulation, one for each subgrid of each mul-
tigrid. Thus, if there are n multigrids, with each multigrid
other than the coarsest multigrid having m subgrids, the total
number of search trees generated would be ((n—1)xm)+1
search trees, each specific to a particular subgrid/multigrid
combination. Each search tree represents the probability of
occurrence of combinations of values of a discrete property
value, and is specific to a particular search mask or search
neighborhood. The search tree may be constructed, for
example, by counting the occurrences of different combina-
tions of values in the search neighborhood defined by the
associated search mask in the training image.

In addition, as shown in block 134, overall or global prob-
ability distributions may also be calculated when search trees
are generated, e.g., by tracking the number of each category in
the overall training image. As noted above, the probability
distributions may be used to randomly assign values to out-
lying cells of a search mask proximate the boundaries of the
simulation grid based upon a global probability of each cat-
egory.

Next, blocks 136, 138 and 140 initiate a nested series of
FOR loops to loop between each multigrid, each layer in each
multigrid, and each cell in each layer of each multigrid. In this
regard, each layer refers to layers in the plane of the i and j
dimensions, such that each loop of block 138 progresses
downward in the k dimension. In addition, in this embodi-
ment, the ordered path proceeds within each layer in a left-
to-right, top-to-bottom manner, e.g., as illustrated in FIG. 4.
For each such cell, block 142 determines the search mask to
be used for that cell, based upon the subgrid associated with
that cell. Next, if the search mask extends beyond the simu-
lation grid, the overlying cells or locations in the search mask
that would otherwise be unassigned are populated with ran-
dom values based on the overall probability distributions
determined in block 134.

Next, block 146 simulates the cell using the determined
search mask and the search tree associated with that search
mask, using any number of suitable multipoint simulation
techniques and based upon those neighboring cells matching
the search mask. Block 148 then determines the next cell in
the predetermined order, and control returns to block 140 to
process the next cell. Once all cells, in all layers, of all
multigrids have been simulated, routine 130 is complete. It
will be appreciated that implementation of routine 130 in
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computer 10 would be well within the abilities of one of
ordinary skill in the art having the benefit of the instant
disclosure. Moreover, other routines may be utilized to imple-
ment the concepts disclosed herein in other embodiments.

There have been described and illustrated herein a com-
puter-based method for automatically computing the results
of' a multiple point geostatistics simulation with improved
computational efficiency, enabling for example the modeling
of discrete properties in a subsurface. Example applications
of these methods include the modeling of discrete geological
properties for petroleum geology and reservoir simulation,
groundwater hydrology, CO, sequestration, geological out-
crop modeling, and 3D image reconstruction, among others.
While particular embodiments have been described, it is not
intended that the invention be limited thereto, as it is intended
that the invention be as broad in scope as the art will allow and
that the specification be read likewise. It will therefore be
appreciated by those skilled in the art that yet other modifi-
cations could be made without deviating from its spirit and
scope as claimed.

What is claimed is:

1. A method of performing geostatistics modeling, com-
prising:

determining a non-symmetric search mask that excludes at

least one not-yet-simulated cell from the search mask
during simulation; and

running a multiple point statistics simulation of an n-di-

mensional grid by simulating cells in the n-dimensional
grid in a predetermined order and using the non-sym-
metric search mask.

2. The method of claim 1, wherein the predetermined order
includes a plurality of multigrids.

3. The method of claim 2, wherein the plurality of multi-
grids are enforced in n-1 dimensions.

4. The method of claim 3, wherein the n-dimensional grid
comprises a three dimensional grid having coordinates in i, j
and k dimensions, wherein the k dimension is vertical to the
Earth, and wherein the plurality of multigrids are enforced in
the i and j dimensions but not in the k dimension.

5. The method of claim 2, wherein the predetermined order
simulates cells in a coarsest multigrid among the plurality of
multigrids prior to simulating cells in a finer multigrid among
the plurality of multigrids.

6. The method of claim 5, wherein determining the non-
symmetric search mask includes determining at least one
non-symmetric search mask for each multigrid among the
plurality of multigrids, wherein the non-symmetric search
masks are configured such each cell in the n-dimensional grid
that is simulated after all of the cells in the coarsest multigrid
have been simulated is simulated using only previously-simu-
lated cells in the simulation.

7. The method of claim 2, wherein the predetermined order
includes a plurality of subgrids in at least one of the plurality
of multigrids.

8. The method of claim 7, wherein the plurality of subgrids
are defined in a first multigrid from among the plurality of
multigrids, wherein determining the non-symmetric search
mask includes determining a plurality of subgrid-specific
non-symmetric search masks for the plurality of subgrids, and
wherein the predetermined order concurrently simulates the
plurality of subgrids during simulation of the first multigrid.

9. The method of claim 2, wherein the predetermined order
includes a sequential order of cells within each multigrid.

10. The method of claim 1, wherein the n-dimensional grid
is representative of a subsurface, and wherein running the
multiple point statistics simulation comprises selecting a dis-
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crete subsurface property from among a plurality of discrete
subsurface properties for each cell in the grid.

11. The method of claim 1, wherein running the multiple
point statistics simulation includes simulating at least one cell
using conditioning data assigned to a neighboring cell in the
non-symmetric search mask.

12. An apparatus, comprising:

at least one processor; and

program code configured upon execution by the at least one

processor to perform geostatistics modeling by deter-
mining a non-symmetric search mask that excludes at
least one not-yet-simulated cell from the search mask
during simulation, and running a multiple point statistics
simulation of an n-dimensional grid by simulating cells
in the n-dimensional grid in a predetermined order and
using the non-symmetric search mask.

13. The apparatus of claim 12, wherein the predetermined
order includes a plurality of multigrids.

14. The apparatus of claim 13, wherein the program code
enforces the plurality of multigrids in n—1 dimensions.

15. The apparatus of claim 14, wherein the n-dimensional
grid comprises a three dimensional grid having coordinates in
i, j and k dimensions, wherein the k dimension is vertical to
the Earth, and wherein the program code enforces the plural-
ity of multigrids in the i and j dimensions but not in the k
dimension.

16. The apparatus of claim 13, wherein the predetermined
order simulates cells in a coarsest multigrid among the plu-
rality of multigrids prior to simulating cells in a finer multi-
grid among the plurality of multigrids.

17. The apparatus of claim 16, wherein the program code is
configured to determine the non-symmetric search mask by
determining at least one non-symmetric search mask for each
multigrid among the plurality of multigrids, wherein the non-
symmetric search masks are configured such each cell in the
n-dimensional grid that is simulated after all of the cells in the
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coarsest multigrid have been simulated is simulated using
only previously-simulated cells in the simulation.

18. The apparatus of claim 13, wherein the predetermined
order includes a plurality of subgrids in at least one of the
plurality of multigrids.

19. The apparatus of claim 18, wherein the plurality of
subgrids are defined in a first multigrid from among the plu-
rality of multigrids, wherein the program code is configured
to determine the non-symmetric search mask by determining
a plurality of subgrid-specific non-symmetric search masks
for the plurality of subgrids, and wherein the predetermined
order concurrently simulates the plurality of subgrids during
simulation of the first multigrid.

20. The apparatus of claim 13, wherein the predetermined
order includes a sequential order of cells within each multi-
grid.

21. The apparatus of claim 12, wherein the n-dimensional
grid is representative of a subsurface, and wherein the pro-
gram code is configured to run the multiple point statistics
simulation by selecting a discrete subsurface property from
among a plurality of discrete subsurface properties for each
cell in the grid.

22. The apparatus of claim 12, wherein the program code is
configured to run the multiple point statistics simulation by
simulating at least one cell using conditioning data assigned
to a neighboring cell in the non-symmetric search mask.

23. A program product, comprising:

a computer readable medium; and

program code resident on the computer readable medium

and configured upon execution to perform geostatistics
modeling by determining a non-symmetric search mask
that excludes at least one not-yet-simulated cell from the
search mask during simulation, and running a multiple
point statistics simulation of an n-dimensional grid by
simulating cells in the n-dimensional grid in a predeter-
mined order and using the non-symmetric search mask.
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